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COUNTING MOLECULES BY CAPTURE




SOLVING THE STEADY-STATE DIFFUSION EQUATION

o Consider a spherical cell of radius a
immersed in an unbounded medium.

o The medium contains in low concentration
some molecules with diffusion constant D.

o The local concentration, c(x,t) will be
expressed in molecules per unit volume.




ELECTROSTATICS ANALOGY

Electrostatics Diffusion




COUNTING MOLECULES USING A PATCHY SPHERE

Capacitance of a
thin disk r = s:

C=2s/m
Total flux:

| = 8DsCoo




PATCHY RECEPTORS

o The path of a diffusing molecule that
has touched the surface of a cell of
radius a at a sequence of points A, B, .

.F.

o The receptor patches, shown shaded,
are of radius s.




PATCHY RECEPTOR, CONT'D

o The probability of not hitting a
receptor patch in a single random
encounter is 3 = 1 — (Ns2/4a2).




MEASURING CONCENTRATION WITH RECEPTORS




MEAN RECEPTOR OCCUPANCY

o Time-averaged occupancy of a
° receptor is given by a single
° dissociation constant, K

) PY o In equilibrium at concentration c, the
expected average occupancy is:
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AN ENTROPIC VIEW OF RECEPTOR OCCUPANCY
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AN ENTROPIC VIEW OF RECEPTOR OCCUPANCY, CONT'D

The probability of binding is the weight of the bound states divided by the sum
of the weights of the bound and unbound states:
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Multiply top and bottom by (L!/Qb)eftésol:

_ (L/Q)ePAe
P=1F (L/Q)e—BAe
where Ae = ep — €5q)-

The overall volume of the box is V;,y, SO we can write ligand concentration as
¢ = L/QVpoy. This results in:

(c/co)e—PAe

P=3 + (c/co)e—BAc

where co = 1/Vpoy.

s



CALCULATING CONCENTRATION FROM RECEPTOR
OCCUPANCY




TEMPORAL DYNAMICS OF RECEPTOR OCCUPANCY

ON

OFF

Receptor occupancy over time

o An attached molecule has a constant probability per unit time of detaching. If
the probability of detachment in dt is dt/,, the mean occupancy time is 7,

o If an empty receptor is an adsorber, the current to it is 4Dsc. The probability
that a vacant patch becomes occupied during dt is thus 4Dscdt.

At steady state:

p/m = 4(1— p)Dsc

Since p = 1/2 when ¢ = ¢, ,

p = (4DsCq/5) "




TEMPORAL DYNAMICS OF RECEPTOR OCCUPANCY CONT'D

ON

OFF

Figure: Receptor occupancy over time

If the only information about c is the
function p(t) for one receptor recorded
for a time T, the cell can extract this
information by forming its average:

1 [ttT
pr=1 / p(t)dt
ty

If pr is taken as the p, it can be used to
derive c:

¢/Cp = pr/(1—P1)




THE AUTOCORRELATION FUNCTION OF RECEPTOR OCCUPANCY

o pr is the average of p(t) over the time of
observation:

1ttt
=7/
th

ON . . .
= o A useful tool is the autocorrelation function
of p(t):

G(r) = (p(t)p(t + 7))
o G(7) is an even function of 7: G(7) = G(—7)
o From the definition of pr
OFF X 1 uHT T ,
Receptor occupancy over time Pr = ﬁ/h a0 /t1 p(t)p(t)dt
o Introducing the autocorrelation function, we
obtain:

<p2> = —1 /T dt’ /T G(t' — t)dt
T T2
o o




THE AUTOCORRELATION FUNCTION OF RECEPTOR OCCUPANCY

o Consider a large number n pairs of
observations, one at t the otheratt + 7.

o Segregate the pairs in which the first
observation is bound, i.e., p(t) = 1.
o > If nis large, there will be about np pairs
> The number with p(t + 7) = 1 will be nG(r)
> These “1,1" pairs are the only ones for
which p(t)p(t+ 1) # 0
o Shift the time of the second observation from
t+7tot+7+dr
> Some of the “11” pairs will become “1,0”
OFF pairs. This number is

Receptor occupancy over time nGdr /7,

> Some of the “1,0" pairs will become “1,1”
pairs, this number is

n(p—G)[p/(1 - p)ldr/mp




THE AUTOCORRELATION FUNCTION OF RECEPTOR OCCUPANCY

ON o We should now have nG(r + d7) “11" pairs,
Is which requires:

dG = —Gdr /7 + (P — G)[p/(1 — P)ld7/7p
o Integrating and requiring that G(0) = p

G(r) = p* + p(1— p)exp [_ﬂ]

o (1=P)7

Receptor occupancy over time o Assuming T > 7p,:

<p%> _ <PT>2 _ 2p(1 _Tﬁ)ZTb

o For the rms error in T we get

sems _ frn_ 2
c V1t Vo

where v = 4Dsc(1 — p)T
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